We discuss the integration problem for systems of partial differential equations in one unknown function and special attention is given to the first order systems. The Grassmannian contact structures are the basic setting for our discussion and the major part of our considerations inquires on the nature of the Cauchy characteristics in view of obtaining the necessary criteria that assure the existence of solutions. In all the practical applications of partial differential equations, what is mostly needed and what in fact is hardest to obtains are the solutions of the system or, occasionally, some specific solutions. This work is based on four most enlightening Mémoires written by Élie Cartan in the beginning of the last century.
INTRODUCTION
It is our purpose, in this paper, to study the integrability problem for systems S of partial differential equations in one unknown function, special emphasis being given to first order systems. The geometrical setting is provided by a Pfaffian system, the so-called canonical contact structure, defined on a Grassmann bundle of contact elements of a certain order, our approach being twofold.
Firstly, we make appeal to the Cartan characteristics in view of reducing the problem to the minimum number of variables and, secondly, we inquire on the nature of the Cauchy characteristics in view of obtaining the necessary criteria that will assure the existence of solutions for the Pfaffian system P = P(S) canonically associated to S. This latter system is obtained by restricting the above mentioned canonical contact structure to the sub-manifold S that defines the equation. We prove that the integrability of S is equivalent to the regularity of the Cauchy characteristics allied to the appropriate dimension. Partial differential equations of arbitrary order will be considered in the second part of this paper,
The present first part is essentially a preparatory digression aimed at setting the necessary foundations for the discussion in the part two where the desired new results do appear. Nevertheless, our present detailed discussion of the characteristics brings out details that, to our knowledge, do not appear in print elsewhere and are the underlying ingredients for our later discussion in the second part. More so, the above mentioned result on integrability and stated in the Theorems 7.12 and 7.17 seems a new step in the integration of differential systems. composed by the local sections. A local automorphism of P (or of Σ) is a local diffeomorphism φ of M satisfying the property φ * P = P, this property being equivalent, by duality, to φ * Σ = Σ. The set Aut(P) of all the local automorphisms of P is a pseudo-group of transformations of order 1 though not always Lie since it might fail to be complete. An infinitesimal automorphism of P (or Σ) is a local vector field ξ defined on M and generating a local 1-parameter group of local automorphisms. It can be characterized by the condition θ(ξ)Γ ℓ (P) ⊂ Γ ℓ (P) or, equivalently, by θ(ξ)Γ ℓ (Σ) ⊂ Γ ℓ (Σ), where θ(ξ) is the Lie derivative along the vector field ξ. The set L(P) of all the infinitesimal automorphisms of P is a not necessarily complete infinitesimal pseudo-algebra of order 1. The eventually singular distribution L induced by L(P) i.e., defined by L x = L(P) x , x ∈ M , satisfies the integrability criterion of Stefan and Sussmann, its maximal integral manifolds being the connected components of the orbits of Aut(P). We say that P is homogeneous when Aut(P) operates transitively and infinitesimally homogeneous when L(P) is transitive i.e., when L = T M . Since M is assumed to be connected, infinitesimal homogeneity implies homogeneity, the converse statement being however inexact.
Finally, given a second Paffian system P ′ on a manifold M ′ , we shall say that (P, x) is locally equivalent to (P ′ , x ′ ) when there exists a local diffeomorphism φ : U → U ′ , U and U ′ being open neighborhoods of x and x ′ respectively, such that φ(x) = x ′ and φ * P ′ = P. Two systems P and P ′ are said to be locally equivalent when the above mentioned property holds for any pair of points (x, x ′ ) ∈ M × M ′ .
Occasionally, we shall consider distributions and Pfaffian systems that are not regular in the sense adopted in the beginning of this section and shall specify, in each case, the appropriate conditions.
DARBOUX CHARACTERISTICS
In this section we only consider scalar differential forms defined on the manifold M though some of the considerations apply as well to vector valued forms.
Let ω be an exterior differential form defined on an open subset U of M and denote by ω x the induced form on T x M . The annihilator of ω at the point x ∈ U is, by definition, the vector subspace V x ⊂ T x M defined by
When ω is a 1-form then V x = ker ω x . It is easy to prove that ω x factors to an exterior form defined on T x /V x (i.e., ω x = q * ω x where q is the quotient map) and that V x is the largest subspace of T x M having this property. If the degree of ω is equal to r, then V ⊥ x ⊂ T * M is generated by the family {i(e j 1 ∧ · · · ∧ e j r−1 ) ω}, where {e j } is any set of generators for T x M . Moreover, V ⊥ x is the smallest sub-space W of T * x M such that ω x belongs to the sub-algebra of ∧T * x M generated by R + W .
A local automorphism of the form ω is a local diffeomorphism φ of M such that φ * ω = ω and an infinitesimal automorphism is a local vector field ξ generating a local 1-parameter group of local automorphisms. It is characterized by the condition θ(ξ)ω = 0 in terms of Lie derivatives. The infinitesimal automorphism ξ is said to be characteristic when i(ξ)ω = 0 which means that ξ x ∈ V x for any point x in the domain of ω. Characteristic infinitesimal automorphisms are therefore defined in terms of the equations We denote by ∆ ⊂ T M the eventually singular distribution on the manifold M (or, rather, on the open set U ) induced by the family L c (ω) i.e.,
and call it the characteristic distribution of ω. Its annihilator ∆ ⊥ ⊂ T * M is the characteristic system of ω. The distribution ∆ satisfies the integrability criterion of Stefan and Sussmann and its maximal integral manifolds are the Cauchy characteristics of ω. In view of the equation (3.1), the elements of L c (ω) are the local vector fields ξ on M taking values in ∆. When the dimension of ∆ x , x ∈ U , is constant, we say that ω has regular characteristics in which case ∆ is a regular and integrable distribution on M (rather on U ) and ∆ ⊥ is a regular Pfaffian system. The following result enables us to reduce, locally, the form ω to an expression involving 40 A. Kumpera only the characteristic variables i.e., the first integrals of ∆. The proof is straightforward.
Let ω be an exterior differential form of degree r with regular characteristics and let {y 1 , · · · , y s } be a fundamental system of independent first integrals of ∆ defined in a neighborhood of a given point x ∈ M . Then ω has the local expression
where the sum is extended to all the sequences 1 ≤ i 1 < · · · < i r ≤ s.
Let ω be an exterior differential form with regular characteristics and let us assume that its degree is equal to the co-dimension of ∆.
Then, for any x ∈ M , there exist s first integrals {z 1 , · · · , z s } of ∆, defined in a neighborhood of x and such that ω = dz 1 ∧ · · · ∧ dz s . These forms are therefore closed and locally decomposable.
Based on the equation (3.1), we now examine a point-wise approach to the characteristics and define, for any x ∈ U , the vector sub-
In general,∆ = ∪∆ x is a singular vector sub-bundle of T M since the dimensions of the fibres can vary and clearly ∆ ⊂∆. When ω has degree r, then∆ is defined by the linear equations
where (w 1 , · · · , w r ) runs through all the r−tuples of vectors in T x M and therefore its annihilator∆ ⊥ ⊂ T * M is generated by the linear forms
It suffices, of course, to consider r−tuples In what follows, we state the main results involving the notion of class. Proposition 3.4. The class of a differential 1-form ω is equal to 2p, at the point x, if and only if (dω x ) p ̸ = 0 and ω x ∧ (dω x ) p = (dω x ) p+1 = 0. This being the case,∆
for any ℓ = 0, · · · , p − 1 and q = 1, · · · , p. If, moreover, ω x ̸ = 0 then the last condition (dω x ) p+1 = 0 is a consequence of the first two. Proposition 3.5. The class of a closed differential 2-form ω is, at every point, an even integer. This class is equal to 2p, at the point x, if and only if ω p x ̸ = 0 and ω p+1 x = 0. Under these conditions,
for any ℓ = 1, · · · , p and ω p x is decomposable.
Let ω be a differential 1-form of constant class defined on the manifold M . When this class is equal to 2p + 1 then, at any point x ∈ M , there exist local coordinates (x i ) vanishing at x and such that ω has the local expression
When this class is equal to 2p and, moreover, when ω is everywhere nonsingular, then it admits the local expression
Theorem 3.7 (Darboux). Let ω be a closed differential 2-form of constant class equal to 2p defined on the manifold M . Then, at any point x ∈ M , there exist local coordinates (x i ), vanishing at x, such that ω has the local expression
We finally observe, as a consequence of the Corollary 3.2, that nonsingular n-forms (n = dim M ) always have the local expression ω = dx 1 ∧ · · · ∧ dx n , non-singular closed (n − 1)-forms the local expression ω = dx 1 ∧ · · · ∧ dx n−1 , 42 A. Kumpera and non-singular (n − 1)−forms satisfying dω x ̸ = 0 the local expression ω = (1 + x 1 )dx 2 ∧ · · · ∧ dx n in a neighborhood of x. In all the above displayed expressions of the local canonical forms, the coordinates x i figuring in these expressions are necessarily first integrals of the characteristic distribution ∆ namely, they are the so-called characteristic functions.
CARTAN CHARACTERISTICS
Let P be a Pfaffian system defined on the manifold M . Inasmuch as above, an infinitesimal automorphism ξ ∈ L(P) is said to be characteristic whenever it is tangent to Σ i.e., when ξ ∈ Γ ℓ (Σ). The set L c (P) = L(P) ∩ Γ ℓ (Σ) of all the characteristic vector fields of the system is an infinitesimal pseudo-algebra of order 1. Moreover, it is a pre-sheaf of modules with respect to the local C ∞ -functions on M hence f ξ is characteristic whenever ξ is, f being any local function on M . We remark that Frobenius' integrability condition, in terms of brackets, amounts to say that P is integrable if and only if L c (P) = Γ ℓ (Σ). The module L c (P) induces an eventually singular integrable distribution ∆ : for all ω ∈ Γ ℓ (P) and η ∈ Γ ℓ (Σ), and therefore L c (P) is the set of all the local vector fields on M taking values in ∆. When the dimension of ∆ x , x ∈ M , is locally constant, we shall say that P has regular characteristics. The result that follows provides a method enabling us to reduce locally the Pfaffian system P to the sole characteristic variables i.e., to the first integrals of ∆.
Theorem 4.1 (Cartan) . Let P be a Pfaffian system with regular characteristics and {y 1 , · · · , y s } a fundamental system of independent first integrals of ∆ defined in a neighborhood of a given point x ∈ M . There exists then a local basis {ω 1 , · · · , ω r } of P, defined in a neighborhood of x, such that
Given a regular integrable distribution Σ on the manifold M , we say that the open set U is simple with respect to Σ when the foliation associated to the restricted distribution Σ|U admits a quotient, this meaning precisely that the quotient space U /Σ, modulo the leaves of Σ|U , admits a manifold structure for which the quotient map ρ : U → U /Σ is a surmersion. The manifold structure of U /Σ is then uniquely determined by the structure of U .
Expressed in geometrical terms, the previous theorem can be transcribed as follows enhancing the role of the finite automorphisms. Conversely, the following statement also holds. Corollary 4.3. Let P be a Pfaffian system defined on the manifold M and let us assume that, for every x ∈ M , there exists an open neighborhood U x , a surmersion ρ x : U x → V x onto a manifold V x and a Pfaffian systemP x , defined on V x , having null characteristics (i.e., L c (P x ) = 0) and such that P|U x = ρ * x (P x ). The dimension of ∆ x is then constant (i.e., P has regular characteristics), each U x is simple with respect to ∆ and the family (ρ x ) is a foliated atlas for the characteristic foliation of P.
With the notations of the Corollary 4.2, we shall say that each quotient manifold U /∆ is a space of characteristic variables for P and the systemP will be called a local reduction of P to its characteristic variables. Furthermore, a complete set of local first integrals of ∆ will be called a complete set, or system, of characteristic variables for P.
It is useful to examine the point-wise approach to the calculation of the characteristics, this being actually the standard approach. Based on the relation (4.1), we define, for every point x ∈ M , the vector sub-space of 44 A. Kumpera
Since this space is defined by the linear equations ⟨v, i(w)dω⟩ = 0, with w ∈ Σ x and ω ∈ Γ ℓ (P), its annihilator∆ ⊥
x is the subspace of T * x M generated by
is, in general, a singular vector sub-bundle of T M (the fibres might not have, locally, constant dimensions) even if ∆ is regular. The integer s x = codim∆ x is called the class of P or of Σ at the point x ∈ M . We observe that ∆ ⊂∆ and that L c (P) is the pre-sheaf of all the local vector fields ξ on M taking values in∆.
Furthermore and on account of a semi-continuity argument, the equality ∆ =∆ holds locally if and only if either ∆ or∆ have, locally, constant dimension. When this equality occurs, the integer s = s x , whose value is locally independent of the point x, is called the class of the Pfaffian system P or of the distribution Σ.
Usually, the Darboux and the Cartan Theorems are proved under more restrictive assumptions on the class constancy though this is quite irrelevant. In any case, both distributions ∆ and∆ have locally a constant dimension in open and everywhere dense subsets of M , the subset corresponding to the later being contained in that corresponding to the former. One last remark is due namely, that the preceding corollaries admit the following additional comment. If, in the corollaries, one of the systems P orP satisfies ∆ =∆ the same will also hold for the other.
CLASSICAL CONTACT STRUCTURES
In this section we consider a distribution Σ of co-dimension 1 namely, a field of hyperplanes or, equivalently, a Pfaffian system of rank 1 defined on the manifold M , and recall a few basic facts. Lemma 5.1. Let P be a Pfaffian system of rank 1. Then, for any point x ∈ M , the co-dimension of∆ x is odd and consequently the class of the system P is always odd. When∆ x = 0 (resp. dim∆ x = 1), then forcibly the dimension of M is odd (resp. even). The results that follow establish the relationship between the Darboux class of the local generators ω and the Cartan class of P.
Proposition 5.2. Let P be a Pfaffian system of rank 1 defined on the manifold M . Then the following properties are equivalent: (a) The class of P is maximum (i.e.,∆ x = 0). 
Pfaffian systems of rank 1 and maximum class equal to dim M are, in view of the property (b), the classical contact structures on odd dimensional manifolds defined by a covering (U α , ω α ) where the ω α are differential 1forms of maximum Darboux class, defined on the open sets U α , and satisfy the compatibility condition ω β = f βα ω α on the overlap U α ∩ U β . Proposition 5.3. Let P be a Pfaffian system of rank 1 on the manifold M . Then, the following properties are equivalent:
(e) dim M = 2n+2 and, for any x ∈ M , there exists ω ∈ Γ ℓ (P −0), defined in a neighborhood of x, such that ω x ∧ (dω x ) n ̸ = 0 and (dω) n+1 = 0.
Pfaffian systems of rank 1 and class equal to dim M − 1 are, in view of the property (d), the classical contact structures on even dimensional manifolds defined by a covering (U α , ω α ) where each ω α is a Pfaffian form of maximum Darboux class defined on the open sets U α , these forms satisfying the compatibility condition ω β = f βα ω α on the overlap. Any such structure is, locally, the inverse image of an odd classical contact structure.
We next indicate a general result, consequence of the Cartan Theorem, concerning Pfaffian systems of rank 1 and constant class. Initially, we state the following Lemma 5.4. Given a Pfaffian system P on the manifold M , the following properties are equivalent:
(a) The rank of P is equal to 1 and the class is constant (i.e., ∆ =∆). When these equivalent conditions are satisfied, the equality class P = classP holds. In particular, the even classical contact structures are precisely those Pfaffian structures obtained, locally, as inverse images via submersions ρ with 1-dimensional fibres.
Theorem 5.5. Let P be a Pfaffian system of rank 1 on the manifold M . Then the following properties are equivalent: (a) The class of P is constant and equal to 2p + 1. We shall now illustrate the previous discussion by examining two among the most relevant classical contact structures namely, the Grassmann or canonical contact structure on the manifold of hyperplanes and the Liouville structure on the cotangent bundle.
Example 5.7. The Grassmannian bundle of hyperplanes. Let M be a manifold of dimension equal to n + 1 and let us denote by G(M ) the Grassmannian bundle of all the hyperplanes contained in the various tangent spaces to the manifold M .
We indicate the elements of G(M ) by H or by H x whenever it is desirable to specify the base point x ∈ M (H x ⊂ T x M ) and by π : T M → M the standard projection. Local coordinates can be assigned to G(M ) as follows: Let H a be an element of G(M ) and (U, x i ), 1 ≤ i ≤ n + 1, any coordinate system on M with domain U , containing the point a. There exists a sequence 1 ≤ i 1 < · · · < i n ≤ n + 1 for which the restricted linear forms dx i 1 |H a , · · · , dx in |H a constitute a basis of H * a . Let us assume for convenience that i j = j, denote by y the remaining coordinate x n+1 and consider the subset U ⊂ π −1 U of all the hyperplanes H for which the family
can now be assigned to any element H ∈ U by simply taking the coordinates (x i , y) of π(H) and writing
If N ⊂ M is a sub-manifold of co-dimension 1 and T a N ∈ U then, by the inverse function theorem, N is locally, in a neighborhood of a, the graph of
A simple computation shows that the coordinates p i are, up to a sign, the inhomogeneous projective coordinates in the fibres of RP (T * M ). More precisely,
We next consider the line bundle Φ on G(M ) whose fibre, at the point
The fundamental form Ω on G(M ) with values in Φ can now be defined as the quotient of T π mod E namely,
Taking the coordinates (U; x i , y, p j ) introduced earlier and observing that the vector field ∂/∂y, on G(M ), factors to an everywhere non-vanishing local section [∂/∂y] of the bundle Φ, we infer from the relation (5.1) that
Let Σ = ker Ω ⊂ T G(M ) and P = Σ ⊥ . The Pfaffian system P is called the canonical contact structure on G(M ) and, since it is generated on the open set U by the contact form ω, we infer from the Proposition 5.2 that P is an odd classical contact structure. A simple computation of the characteristic system will now show that the class of P is equal to 2n + 1. In fact, it suffices to observe that Σ H = T π −1 (H) and thereafter determine a set of free generators for ∆ ⊥ H .
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It is interesting to observe that Σ H is composed by those tangent vectors v to the point H corresponding to the infinitesimal motions tangent to H i.e., the infinitesimal motions of the base point x that are contained in H.
Example 5.8. The Liouville structure on the cotangent bundle. Let us now turn our attention to the Liouville structure on T * M . For this, we define the distribution Σ on the cotangent bundle T * M by assigning, to each point µ, the hyperplane
Denoting by λ the Liouville form on T * M defined by λ µ = q * µ i.e., λ µ (v) = ⟨(T µ q)v, µ⟩, it follows that Σ µ = ker λ µ hence the Pfaffian system P = Σ ⊥ , defined on the manifold T * M , is generated by the Liouville form λ. The distribution Σ as well as the Pfaffian system P are regular on T * M −0, where 0 stands for the null section, the latter being called the Liouville structure on the co-tangent bundle. Taking local coordinates (x i , p i ), the Liouville form assumes the expression λ = ∑ p i dx i hence its Darboux class is equal to 2n + 2 (dim M = n + 1) and consequently, according to the Proposition 5.2, P is an even classical contact structure on T * M . It is nevertheless interesting to have a closer look at the characteristic system.
A straightforward calculation, using the above specified coordinates, will show that the characteristic subspace ∆ µ is contained in the tangent space, at the point µ, to the fibre T * x M, x = q(µ), and, since we can identify canonically
The tangent co-vector µ belongs therefore to ∆ µ .
We shall try, next, to retrace the above considerations within a more geometrical context. Let L be the Liouville vector field on T * M namely, the infinitesimal generator of the 1-parameter group of homothetical transformations (t, µ) → h t (u) = e t µ. A simple calculation shows, under the above-mentioned identification, that L is the vertical vector field (tangent to the fibres) defined by L µ = µ and, therefore, that L = ∑ p i ∂/∂p i in local coordinates. The previous discussion also shows that L generates ∆ = ∆ on T * M − 0, a result that follows directly upon using the homothetical transformations. Let us also observe that θ(L)λ = λ and, since ⟨L, λ⟩ = 0, that the Liouville vector field is characteristic, hence the characteristic algebra of P is precisely equal to the set of all the multiples {f L} where f is an arbitrary function.
The maximal integral manifolds of the characteristic distribution ∆ are the rays, emanating from the origin, in the various fibres of T * M − 0, hence the characteristic foliation admits a quotient manifold (T * M − 0)/∆ Partial differential equations 49 that is diffeomorphic to a sphere bundle over M . The Pfaffian system P then factors to a system P on the quotient manifold, the class of P being maximum and equal to dim(T * M − 0)/∆ = 2n + 1. The system P is therefore an odd classical contact structure as predicted, locally, by Lemma 5.4.
We can however do slightly better. From the commutativity of the diagram
M M and the sole definitions of Σ and Σ, it follows that Σ projects onto Σ via the quotient map though the Liouville form λ cannot project onto a generator of P. However, restricting our attention to the open subsets where p n+1 ̸ = 0, we can replace the generator λ of P by the local generator
the later form projecting onto RP (T * M ) and giving rise to the standard generator ω = dy − ∑ p i dx i of P since p i /p n+1 = −p i /p n+1 and x n+1 = y, the right hand side tildet coordinates being those considered in the first example.
The system P obtained by reducing P to its characteristic variables sits on the twofold covering space (T * M −0)/∆ of G(M ). It is rather interesting that P can further be reduced to P. As a consequence of the last corollary, we can also state the following Corollary 5.9. Any odd classical contact structure is locally equivalent to the Grassmann structure on the manifold of hyperplanes and any even structure is locally equivalent to the Liouville structure on a co-tangent bundle.
CAUCHY CHARACTERISTICS
We consider again the canonical contact structure P defined on the Grassmannian bundle G(M ) by the fundamental form Ω, the manifold M being of dimension n + 1. We also denote by ω the scalar representative of Ω in a coordinate patch (U; x i , y, p i ).
Given an n-dimensional sub-manifold N of M , we denote by N 1 the set of all the tangent spaces T x N with x ∈ N (it being desirable to distinguish N 1 from TN). The set N 1 is an n-dimensional sub-manifold of G(M ) diffeomorphic to N via the projection π and is transversal to the fibres of π i.e., T H N 1 ∩ T H π −1 (x) = 0 for any H = T x N . Manifolds such as N 1 will 50 A. Kumpera be called holonomic sub-manifolds of G(M ). The following lemma is easily verified, in local coordinates, using the form ω. Lemma 6.1.
(i) The subspace Σ H = ker H Ω is generated by all the contact elements T H N 1 where N 1 is an arbitrary holonomic sub-manifold containing H. Equivalently, the canonical contact system P is generated by all the local 1-forms that vanish simultaneously on every holonomic submanifold.
(iii) An n-dimensional sub-manifold N of G(M ) transversal to the fibres of π is locally holonomic if and only if it is an integral manifold of P i.e., ι * Ω = 0 (or, equivalently,
The property (i) shows that P admits, at any point, n-dimensional integral manifolds that are transversal to the fibres of π and the property (ii) shows that each fibre π −1 (x) is also an n-dimensional integral sub-manifold. There are however n-dimensional integral manifolds other than those mentioned above, for example the sub-manifold defined by the equations:
More generally, let N be a q-dimensional sub-manifold of M , 0 ≤ q ≤ n, and denote by N 1 the set of all the hyperplanes H ∈ G(M ) that are tangent to N namely, those verifying T x N ⊂ H where x = π(H) ∈ N . Clearly, N 1 is an n-dimensional sub-manifold of G(M ), the restricted projection π : N 1 → N is a submersion and, since ι * Ω = 0, ι : N 1 → G(M ), we infer that N 1 is also an integral sub-manifold of P.
In particular, when q = n, N 1 becomes a holonomic sub-manifold and, when q = 0, it is a discrete collection of fibres π −1 (x), x ∈ N . We now show that such sub-manifolds are, generically, all the n-dimensional integral manifolds of P. Lemma 6.2. Let N be an n-dimensional integral sub-manifold of P and let us assume that π|N has constant rank. Then N is, locally, a sub-manifold of the form N 1 with dim N = rank π|N .
Proof. We can assume, without loss of generality, that π(N ) = N is a connected q-dimensional sub-manifold of M and that π : N → N is a submersion. Further, we can also assume that 0 < q < n since the remaining two cases correspond precisely to the isolated fibres π −1 (x) and to the holonomic sub-manifolds. Taking local coordinates (U; x i , y, p i ) on G(M ), the condition that ω = dy − p i dx i vanishes on N implies that ι * dy is a linear combination of the restricted differentials ι * dx i where ι : N → G(M ) is the inclusion map.
Moreover, since the projection N is q-dimensional, we can choose, locally, n − q functions among the x i , say for convenience {x 1 , · · · , x n−q }, such that the differentials ι * dx i = d(x i |N ), 1 ≤ i ≤ n − q, are linearly independent, the remaining differentials ι * dx j , j > n − q, and ι * dy being linear combinations of these. It then follows, always locally, that on N ,
and y − g(x i ) = 0 (6.1) define a q-dimensional sub-manifold N . Finally, the vanishing of ω on N coupled with the local expressions of the functions x j |N and y|N , in terms of the x i |N , provide further n − q independent equations
that, together with the equations (6.1), define locally the sub-manifold N and, for each x ∈ N , the equations (6.2) define the fibre (π|N ) −1 (x). It is now straightforward to verify that the equations (6.2) define precisely, in coordinates, the set of all the hyperplanes contained in U that are tangent to N . The proof is complete. □
We also emphasize that the integral manifolds of P have at most the dimension n. In fact, we shall prove in the sequel that (n + 1)−dimensional integral contact elements do not exist, such elements being those linear sub-spaces W for which ω|W = dω|W = 0.
(a) If W is transverse to the fibres of π, then the linear forms
are linearly independent hence ω|W ̸ = 0.
and consequently i(v j )dω = −dx j vanishes on W . Since ω|W = 0, it also follows that dy vanishes on W hence this sub-space has at most dimension n. More generally, let p = dim(T H π −1 (x) ∩ W ), p > 0, and let us denote by (v 1 , · · · , v p ) a basis of the intersection.
Setting v j = ∑ a j i ∂/∂p i , the matrix a j i has rank p and therefore the linear forms µ j = i(v j )dω = − ∑ a j i dx i , 1 ≤ j ≤ p, are independent, vanishing on W . We next consider the sub-space V = T π(W ) ⊂ T x M . Since dim V = n + 1 − p and since dy|V = ∑ p i dx i |V, p i = p i (H), it follows that a basis of V * can be chosen among the forms α i = dx i |V , say 52 A. Kumpera {α 1 , · · · , α n+1−p }. Taking vectors w 1 , · · · , w n+1−p ∈ W that satisfy the relations ⟨w k , dx i ⟩ = δ i k , 1 ≤ i, k ≤ n + 1 − p, we can write w k = ∂/∂x k + * ∂/∂y + ∑ * ∂/∂p i and, consequently,
∑ dx ℓ ∧ dp ℓ ≡ dp k mod (dx 1 , · · · , dx n ).
We thus obtain a family of n + 1 linearly independent 1-forms {µ j , η k } vanishing on W , whereafter dim W ≤ n. Remark 6.3. The above indicated proof is, in fact, an argument involving only the 2n-dimensional vector space Σ H and the exterior 2-form dω|Σ H of maximum rank equal to 2n. Abstracting the specific context involving the Grassmannian space G(M ) as well as the Pfaffian system P, it actually proves a well known result concerning Lagrangean linear sub-spaces. Let V be a 2n-dimensional real or complex vector space and ω an exterior 2-form of rank 2n defined on V . Then the largest dimension of a linear subspace W ⊂ V on which ω vanishes is equal to n. This algebraic result, alone, limits the dimension of the integral sub-manifolds of P.
We now turn our attention to the Cauchy problem for partial differential equations and, initially, restrict our discussion to first order systems since these already exhibit all the nuances of the theory and, to a great extent, simplify the language. By definition, a first order partial differential equations in one unknown function, on the manifold M , is a sub-manifold S of co-dimension 1 contained in G(M ).
To simplify the terminology we shall replace the full expression simply by differential equation and observe that, in the present context, it is far more befitting to consider contact elements rather than first order jets of local sections as is usually done. A solution of S is an n-dimensional submanifold N of M such that N 1 ⊂ S.
Taking coordinates (U; x i , y, p i ), the sub-manifold S can be described, locally, by means of an equation F (x i , y, p i ) = 0 and, if N is the graph of a certain function y = f (x 1 , · · · , x n ), this sub-manifold will be a solution of S if and only if the function f is a solution of the partial differential equation
F (x i , y, ∂y/∂x i ) = 0. (6.3) We indicate by Ω|S the restriction of Ω to the sub-manifold S i.e., the form ι * Ω, where ι : S → G(M ) is the inclusion, and by P|S the Pfaffian system on the manifold S generated by Ω|S. It is, according to the general theory of partial differential equations, the canonical contact Pfaffian system restricted to the equation.
We finally denote by Σ|S the annihilator of the aforementioned Pfaffian system, this annihilator being equal to the kernel of Ω|S or, equivalently, the intersection Σ ∩ T S. Inasmuch, if ω denotes a local generator of P, then its restriction ι * ω to S becomes a local generator of P|S.
To integrate the differential equation S, in the sense given to this problem by Sophus Lie, consists in determining the n-dimensional integral submanifolds of the Pfaffian system P|S and, of course, the integral manifolds corresponding to the solutions of the differential equation S will be precisely those sub-manifolds transverse to the fibres of π. In Section 7 we shall examine the integration procedure for such Pfaffian systems, as conceived by Sophus Lie, via the geometry of contact transformations. At present, we simply compute the class of P|S, the method being essentially the same as that employed for P. In the paragraphs that follow, the symbol * indicates a coefficient that needs not be written explicitly.
We observe initially that Ω|S cannot vanish on any open subset U of S for then U would be a 2n-dimensional integral manifold of P which is never the case. However, since Ω|S can eventually vanish on nowhere dense closed subsets, we shall assume that P|S is a regular Pfaffian system on the whole manifold S in the sense that (Ω|S) H ̸ = 0 for all H ∈ S (i.e., the form Ω|S never vanishes) or, equivalently, that
We consider next the following two cases:
(a) T H π −1 (x) ⊂ T H S. In this case, v j = (∂/∂p j ) H ∈ (Σ|S) H , 1 ≤ j ≤ n, and dim T π(T H S) = n hence the rank of the linear forms
is precisely equal to n. Further, since
then dim T π[(Σ|S) H ] = n − 1 and we can choose vectors w k ∈ (Σ|S) H , 1 ≤ k ≤ n−1, as well as a sequence of indices 1 ≤ i 1 < · · · < i n−1 ≤ n in such a way that ⟨w k , dx i ℓ ⟩ = δ ℓ k . It follows that i(w k )dω|S ≡ (dp i k + * dp in )|S mod (dx i |S) , where i n is the remaining index, whereafter the set of 2n − 1 linearly independent 1-forms {i(v j )dω|S, i(w k )dω|S, ω|S} generates the characteristic system∆ ⊥ H of P|S.
T π(T H S) = T x M and dim T π((Σ|S) H ) = n.
Choosing a basis {v 1 , · · · , v n−1 } of the intersection T H π −1 (x) ∩ (Σ|S) H , we obtain n − 1 linearly independent 1-forms µ j = i(v j )dω|S since the dx i |S are linearly independent on S. Moreover, we can choose n vectors w k ∈ (Σ|S) H such that ⟨w k , dx i ⟩ = δ i k and therefore obtain further n linear forms η k = i(w k )dω|S. The dimension of the intersection being equal to n − 1, the rank of the forms dp k |S becomes also equal to n − 1 hence the rank of the forms
is at least equal to 2n − 1. Since, by Lemma 5.1, the rank of the characteristic system is always odd and since dim S = 2n, we infer that the above rank is constant and equal to 2n − 1.
One can prove, by a straightforward though rather long calculation on the manifold S, that the rank of the forms {µ j , η k } is, modulo ω|S, precisely equal to 2(n − 1) thus obtaining the desired rank for the characteristic system. However, if we follow Cartan and compute on the space of all the variables, namely on G(M ), then it is quite easy to arrive at the desired conclusion and obtain, along the way, a very convenient representation of the characteristic system. Taking local coordinates (U; x i , y, p i ) on G(M ) and representing S, locally, by the equation F = 0, we observe that a vector w ∈ T H G(M ), written as
Since, by the regularity assumption on P|S, the forms ω and dF are independent, the linear relation above is non-trivial and, furthermore, it is the only relation imposed on the coefficients {u i , v i }. We infer that the space of linear forms
has rank 2n − 1 hence the linear system {ω, i(w)dω : w ∈ (Σ|S) H } Partial differential equations 55 has rank 2n, when considered on the manifold G(M ), and consequently its kernel V H has dimension equal to 1. Moreover, since the linear sub-space (Σ|S) H is odd-dimensional, the restricted 2-form dω|(Σ|S) H has a non-trivial annihilator that is clearly equal to V H hence the characteristic space (∆) H of P|S is also equal to V H and the restricted system
on the manifold S, has rank 2n − 1 as desired. The characteristic distri-bution∆ = ∆ being of dimension 1, it reduces to a system of ordinary differential equations. The relations
together with (6.4) provide the system:
on the manifold G(M ), corresponding to the distribution H → V H , hence its restriction to S provides the Cartan characteristics of the Pfaffian system P|S. These characteristics coincide, in view of the equation (6.5), with the well known characteristic stripes of the partial differential equation (6.3) i.e., with the Cauchy characteristics of this equation. The system (6.5) applies as well to the case (a) since neither assumptions (a) nor (b) are relevant in Cartan's argument. It should however be observed that the case (b) is, in fact, the natural context for the partial differential equation (6.3).
The previous results extend easily to systems of partial differential equations. By definition, such a system of order 1 on the manifold M (and in one unknown function) is a sub-manifold S of G(M ). When codim S = q, this sub-manifold is locally defined by a system of q independent equations {F α = 0}, these being called the local equations of S. A solution of S is an n-dimensional sub-manifold N of M such that N 1 ⊂ S hence, if we are concerned in studying integrability problems, the systems of co-dimension q > n + 1 become irrelevant.
We shall therefore assume that q ≤ n + 1, the integer q being called the rank of the system S. Taking local coordinates (U; x i , y, p i ), the single relation (6.3) is now replaced by F α (x i , y, ∂y/∂x i ) = 0, 1 ≤ α ≤ q. Similarly, we introduce the restricted form Ω|S, the restricted Pfaffian system P|S, the restricted distribution Σ|S and the restricted generator ω|S.
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A. Kumpera We also restrict our attention to those equations S providing regular Pfaffian systems P|S in the sense that they are locally trivial sub-bundles of T * S and call such equations regular. When q ≤ n, the restricted form Ω|S cannot vanish on any open subset U of S otherwise this open set would be an integral manifold of P of dimension greater than n. We infer that the regularity of P|S, when q ≤ n, simply means that (Ω|S) H ̸ = 0 for any H ∈ S. However, when q = n + 1, P|S can be the null system as is necessarily the case when it admits solutions.
We say that S is integrable when every point H ∈ S belongs to an ndimensional integral manifold of the Pfaffian system P|S and now prove that such a system has regular characteristics. If q = n + 1, integrability of S implies that P|S = 0, the null system admitting regular characteristics since the manifold S is a characteristic. Moreover, S is locally a holonomic sub-manifold of G(M ). Theorem 6.4. Let S be a system of regular and integrable first order partial differential equations of rank q < n + 1 defined on the manifold M . Then the associated Pfaffian system P|S, on the manifold S, has regular characteristics and its class is equal to 2(n − q) + 1.
Proof. We follow Cartan's argument and begin by taking a local coordinate system (U; x i , y, p i ) on G(M ) as well as local equations F α = 0 for S. Since the forms {ω, dF α } are linearly independent, the equation (6.4) is replaced by a system of independent equations 1 , · · · , v 2n−q } of (Σ|S) H in such a way that v j ∈ W for j ≤ n and consequently the characteristic sub-space∆ H becomes the kernel of the linear forms {i(v k )µ : 1 ≤ k ≤ 2n − q}. Observing now that µ|W = 0, we infer that i(v j )µ|W = 0 for j ≤ n and that the forms {i(v k )µ|W : k > n} vanish on a sub-space of dimension at last equal to n − (2n − q − n) = q hence dim∆ H ≥ q as desired. The class of P is therefore equal to (2n + 1 − q) − q = 2(n − q) + 1. □
We terminate this section by discussing the integration procedure of the system P|S via its characteristics. We integrate, in the first place, the characteristic distribution so as to obtain, locally, the characteristic variables of P|S.
In the Part II, we shall discuss an algorithm especially devised for this purpose. Next and according to the Corollary 4.2, we reduce locally the system P|S to the space of is characteristic variables and observe, in view of Lemma 5.4, that the quotient systemP|S is an odd classical contact structure defined on a space of dimension 2(n − q) + 1.
It will then suffice to take an (n − q)-dimensional integral manifoldṼ ofP|S, this being achieved by reducingP|S to its canonical formμ = 0 withμ = dZ − ∑ P i dX i , 1 ≤ i ≤ n − q, (recall the previous discussion concerning the integral manifolds of the canonical contact structure P on G(M )) and lift it to an integral manifold V = ρ −1 (Ṽ) of P|S, the dimension of V being equal to (n − q) + q = n. From a practical point of view, the above discussion boils down to finding a generator µ of class 2(n − q) + 1 for the system P|S, expressed in canonical form.
The above integration procedure also provides, as an extra dividend, a result that puts in evidence the full significance of the characteristics. Corollary 6.5. Let S be a regular system of partial differential equations of rank q ≤ n + 1 on the manifold M and let us assume that the associated contact Pfaffian system P|S has regular characteristics of dimension equal to inf {q, n}. Then S is integrable.
Regularity of the characteristics together with the appropriate dimension is therefore a necessary and sufficient condition for integrability.
CONTACT TRANSFORMATIONS
In this section we study more carefully the geometry of the contact structure defined on the Grassmannian bundle G(M ) by the fundamental form Ω. Several results are generic statements concerning odd dimensional classical contact structures and could as well be developped in the general context, others are more specific to the structure on G(M ).
Let P be the canonical contact structure on G(M ). The finite automorphisms of P are called the (first order) contact transformations and the infinitesimal automorphisms the infinitesimal contact transformations or Lie vector fields. In local coordinates (U; x i , y, p i ), contact transformations φ are defined by the equation φ * ω ≡ ω mod ω and Lie vector fields ξ by θ(ξ)ω ≡ ω mod ω.
Among all the contact transformations, the simplest are those that arise from the transformations on the base space M . Any local diffeomorphism 58 A. Kumpera φ : U → U ′ of M operates, via T φ, on the linear contact elements of M defining thereafter a local diffeomorphism ℘φ : π −1 (U ) → π −1 (U ′ ) on G(M ) by setting ℘φ(H x ) = T φ(H x ). The first statement in Lemma 6.1 assures that ℘φ is a contact transformation. The assignment φ → ℘φ is obviously functorial i.e.,
and local i.e., ℘(∪φ α ) = ∪℘φ α where ∪φ α denotes the transformation obtained by patching together the transformations φ α that agree on the overlaps. We infer, in particular, that a differentiable 1-parameter family (φ t ) of local diffeomophisms of M (resp. a local 1-parameter group) gives rise to a differentiable 1-parameter family (℘φ t ) on G(M ) (resp. a local 1-parameter group) hence any local vector field ξ, defined on an open set U of M and generating the local 1-parameter group (φ t ), gives rise to the Lie vector field ℘ξ = d dt ℘φ t | t=0 defined on the open set π −1 (U ). The assignment ξ → ℘ξ is, of course, local with respect to the patching of vector fields. Moreover, since ℘ξ can as well be defined by the above derivative where (φ t ) is replaced by any differentiable 1-parameter family satisfying φ 0 = Id and d dt φ t | t=0 = ξ, and since
we infer that the above assignment is functorial with respect to the Lie algebra sheaf structure i.e.,
. It should be observed, however, that ℘(f ξ) is not equal to f ℘ξ unless f is a constant function and the general expression is, of course,
where δ is a certain Lie derivative. The transformations ℘φ and ℘ξ are called the prolongations of φ and ξ, respectively, to the bundle G(M ) and project, via π, onto the initial transformations (π•℘φ = φ•π and π * ℘ξ = ξ). Lemma 7.1. A necessary and sufficient condition that a contact transformation φ (resp. a Lie vector field ξ) be the prolongation of a base transformation (resp. a base vector field) is that it projects, via π, onto a local diffeomorphism φ 0 (resp. onto a local vector field ξ 0 ) of M . This being the case, then φ = ℘φ 0 (resp. ξ = ℘ξ 0 ) on the common domain.
The proof will be omitted since it is obvious. We consider again, as in Section 5, the line bundle Φ on the manifold G(M ) and define, for each Lie vector field ξ, Section h ξ = ⟨ξ, Ω⟩ of Φ whose domain coincides with that of ξ. The section h ξ is called the contact hamiltonian of ξ. According to the notations of Section 5, we denote by L(P) the set of all the Lie vector fields, P being the canonical contact structure on the manifold G(M ), and by Γ ℓ (Φ) the set of all the local sections of Φ. 
The injectivity of the mapping in Lemma 7.2 is now obvious since, assuming that h ξ = 0, the scalar hamiltonian H ξ , defined on any coordinate patch, also must vanish and therefore ξ = 0. We observe that the injectivity follows inasmuch from the fact that the system P has null characteristics. If f = ⟨ξ, ω⟩ = 0, then ξ is a characteristic vector field of P and consequently ξ = 0. In order to prove the surjectivity, we take a local We next observe that Proof. It will suffice to argue locally and glue together the local integral manifolds thus obtained. Let us take a point H ∈ N and choose appropriately a neighborhood V of H in N as well as a constant ϵ > 0 such that exp tξ(K), K ∈ V, |t| < ϵ, is defined. The transversality condition on ξ implies that the mapping ]ϵ, ϵ[×V → G(M ), (t, K) → exp tξ(K), is an immersion for small T whereupon its image is a regularly embedded submanifold for, eventually, a smaller constant ϵ and a smaller neighborhood V. We can therefore assume that the image is in fact a sub-manifold N that is furthermore contained in h −1 (0) since H is the hamiltonian of ξ and V ⊂ h −1 (0). To prove that N is an integral sub-manifold of P, we first observe that the curves exp tξ(K) are integral curves of P and, since ξ is an infinitesimal automorphism of this Pfaffian system, we infer that V t = exp tξ(V) is, for any fixed value of t, an integral manifold of P. We next observe that the tangent space to N , at any point L = exp tξ(K), is generated by the tangent space T L V t together with the vector ξ L tangent to the curve exp tξ(K). It then follows readily that the form Ω vanishes on T L N and therefore that N is an integral manifold of P. In fact, let v ′ be a second vector satisfying the above condition. Then Coming back to partial differential equations of order 1, we defined them in Section 6 as being sub-manifolds S of co-dimension 1 in G(M ) and assumed that P|S is a regular Pfaffian system on this same sub-manifold. Equivalently, this amounts to say that the restricted fundamental form Ω|S never vanishes. Such a sub-manifold is defined locally by a non-singular equation f = 0 (i.e., df H ̸ = 0 for any H ∈ S), any other non-singular equation, in the neighborhood of the same point H 0 , being of the form gf = 0 with g(H) ̸ = 0 for any H ∈ S. Such a local equation f = 0 gives rise to a Lie vector field ξ on G(M ) with hamiltonian equal to f , this vector field being tangent to the sub-manifold S and consequently providing an infinitesimal automorphism of the Pfaffian system P|S.
Furthermore, since ⟨ξ, ω⟩ = f vanishes on S (locally equal to f −1 (0)), we infer that ξ|S is a characteristic vector field of P|S. Finally, since the regularity condition on P|S simply means that (df ∧ ω) H , H ∈ S, is everywhere non-zero and since the Cauchy characteristics of P|S are 1-dimensional submanifolds, we infer that the vector field ξ|S is also everywhere non-zero and that its flow lines are open subsets of the characteristics, any other local non-singular equationf = gf = 0 providing the same flow lines.
In conclusion, the Cauchy characteristics of P|S are unions of flow lines of Lie vector fields whose hamiltonians arise from local regular equations for the sub-manifold S.
We can now restate, in the context of contact transformations, the results of section 6 concerning the Cauchy characteristics of a single equation. We recall ( [6] ) that, given any vector bundle E with base manifold M and projection π, the following short sequence is exact:
where J 1 E is the first order jet bundle of the local sections of π : E → M . Each 1-jet identifies with an n-dimensional linear contact element of E, transverse to the fibres of π (n = dim M ). In particular, the line bundle Φ with base space G(M ) provides the following short exact sequence: We now extend the previous results to systems of partial differential equations and state, firstly, some auxiliary lemmas, establishing thereafter the desired results. The remark following the relation (7.4) and the fact that a linear combination, with constant coefficients, of Lie vector fields is again a Lie vector field implies the following Lemma 7.5. Let {ξ α } be a family of Lie vector fields with associated hamiltonians {f α }, consider a fixed element H ∈ G(M ) and assume that the family {(df α ∧ ω) H } is linearly independent. Then the family {ξ α (H)} is also linearly independent and, if moreover f α (H) = 0 for all α, the above sufficient condition becomes as well necessary.
Using the local expression of the Lagrange bracket and an argument involving linear homogeneous ordinary differential equations similar to that preceding Lemma 7.3, we also derive the following result. Lemma 7.6. Let {ξ α } be a family of Lie vector fields with associated hamiltonians {f α }, and let {g β } be an arbitrary family of local functions on G(M ). In order that the family of vector fields {ξ α } be tangent to the variety W defined by the equations g β = 0 (i.e., ⟨ξ, dg β ⟩ = 0) it is necessary and sufficient that [f α , g β ]|W = 0 for all the indices α and β. Under these conditions and restricting our attention to finite subsets of indices α, the for dim S = 2n + 1 − q and therefore the dimension of the characteristic distribution of P|S is equal to (2n + 1 − q) − (2n − 2q + 1) = q.
It is often useful and always instructive to carry out a complete proof independently of the Theorem 6.4 and the argument runs as follows. Denote by Ξ the distribution, on the manifold S, generated by the vector fields ξ α |S. Then Ξ is intrinsically associated to the system S for, by Lemma 7.7, any other set of local equations for S provides the same distribution.
We also infer, from this Lemma, that the bracket condition is as well intrinsical. Next, we know from the proof of Lemma 7.9 that each flow exp ∑ t α ξ α (H), H ∈ N is, locally, an open subset of the integral leaf of Ξ containing H hence two such flows, associated to different sets of local equations for S, will agree in a neighborhood of H, this settling part of the item (c).
Clearly, the item (e) is a restatement of Lemma 7.9. Since P and therefore P|S admit integral manifolds of dimensions at most equal to n and since a flow is the union of all the integral curves, initiating at H, of the characteristic vector fields ∑ a α ξ α (within the adequate bounds for the coefficients a α ), the statement (d) is a direct consequence of Lemma 7.9, in the special case where ℓ = 1, for these characteristic fields must then be tangent to N .
Finally, to prove that the flows exp ∑ t α ξ α (H), H ∈ S, are locally open subsets of the Cauchy characteristics, it is enough to prove that the vector fields {ξ α |S} generate the characteristic distribution of P|S. For this, we consider the systems R 1 = {f 1 = 0}, R 2 = {f 1 = f 2 = 0}, . . . , R q = R = {f α = 0}, and argue as follows: The restriction dω|Σ H is a 2-form of rank 2n defined on the vector space Σ H of dimension 2n and (Σ|R 1 ) H is a hyperplane of Σ H (Σ|R 1 means the characteristic system of R 1 ). Therefore, according to Lemma 7.11, the rank of dω|(Σ|R 1 ) H is equal to 2n − 2. Similarly, (Σ|R 2 ) H is a hyperplane in the (2n − 1)−dimensional vector space (Σ|R 1 ) H and, therefore, the rank of dω|(Σ|R 2 ) H is either 2n − 2 or 2n − 4.
Proceeding inductively, we infer that the rank of dω|(Σ|R p ) H is at least equal to 2n − 2p hence, at the final stage, the rank of dω|(Σ|R) H is at least equal to 2n − 2q. It follows that the dimension of the characteristic subspace∆ H of P|S is, at most, equal to dim(Σ|R) H − (2n − 2q) = (2n − q) − (2n − 2q) = q.
Since Ξ H ⊂∆ H and since dim Ξ H = q, we conclude that Ξ =∆.
The reader will have noticed that the present argument is nothing but a fancy way to deal with the Cartan argument introduced in the proof of the Theorem 6.4. □ When q = 1, the above theorem reduces to the Theorem 7.4, the bracket condition then becoming trivial. When q = n, the n-dimensional distribution Σ|S is, under the hypotheses of the Theorem, generated by its characteristic vector fields and therefore is completely integrable.
We now examine the case q = n + 1 excluded in the statement of the Theorem. Since the manifold S has, in this case, the dimension n, the system admits n-dimensional solutions containing any of its points if and only if Ω|S = 0, the regularity hypothesis Ω|S ̸ = 0 being void of sense. Lemma 7.14. Let N be an n-dimensional integral manifold of the system P and {f, g} two functions vanishing on N . Then [f, g] also vanishes on N .
In fact, the corresponding Lie vector fields ξ and η must be tangent to N otherwise we could enlarge this manifold to an (n+1)−dimensional integral manifold of P. If, for example, ξ H were transverse to N then (df ∧ ω) H ̸ = 0 hence df H ̸ = 0 and the level variety f −1 (0) would become a manifold, in a neighborhood of H, containing N . We could then, according to Lemma 7.3, enlarge the integral manifold N . The tangency of ξ and η implies that of The proof will be omitted for being almost a repetition. The above Lemma shows that a system {f α } of rank n + 1 and satisfying the above bracket condition defines in fact an integral manifold of P. The associated Pfaffian system P|N is therefore null, its characteristics are regular and the characteristic distribution, equal to T N , is generated by the vector fields ξ α |N . Corollary 7.16. In order that an n-dimensional sub-manifold N of G(M ) be an integral manifold of P, it is necessary and sufficient that [f α , f β ]|N = 0 whatever the choice of the local equations {f α = 0} for N .
